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Abstract
In this paper, a formula for the expected value of a function of a fuzzy variable is presented, with which the exact expected value
of the function of the fuzzy variable can be obtained directly. The proposed formula holds provided that the function is monotonic,
on the assumption that the fuzzy variable has a continuous membership function. Furthermore, some examples showing how to
apply the formula are given.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
Since fuzzy set theory [1] was introduced, there has been an amazing growth in the research concerning this
area of study. Considering the perception of people to be full of ‘fuzziness’, so that an idea cannot be described
using just two opinions: yes or no, and then using the concept of a membership function to quantitate the fuzzy
set was proposed in [1]. Furthermore, linguistic variables were defined in [2], which were words (linguistic terms)
with associated degrees of membership of the set. The term ‘fuzzy variable’ was first introduced in [3], and ‘fuzzy
number’ was defined in [4–6]. The definition of a fuzzy variable in a credibility space was presented in [7] (also see
the survey [8]). In order to measure the fuzzy events, the possibility measure and the necessity measure were presented
in [9]; these were developed by several research works such as [5,6]. Three axioms concerning the possibility measure
were presented in [4]. Recently, another concept used to measure fuzzy events, the credibility measure, was defined
in [7] as the average of the possibility measure and the necessity measure.
Since fuzziness exists in real life, fuzzy set theory has been developed and applied in many scientific fields.
Researchers quantitated a fuzzy event using a fuzzy variable (or fuzzy number) or a function of a fuzzy variable.
The notion of expectation for fuzzy numbers in intervals was defined in [10], while the expectation is interval valued
and remains additive in the sense of fuzzy interval addition. The notions of expected value and the expected values
of fuzzy numbers were introduced in [11], while the expected value of a fuzzy number is defined as the center of
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the expected interval. Moreover, several ranking methods for fuzzy numbers are compared and applied in linear
programming problems in [12]. A more general definition was presented in [13] for the mean value of the fuzzy
number. Recently, the expected value of a fuzzy variable in a credibility space was defined and applied in fuzzy
programming processes (see [7]). However, in the former literature, there are few methods for getting the analytical
expected value of a function of a fuzzy variable. And since it is hard to calculate the exact expected value of a function
of a fuzzy variable, the expected value is usually computed using simulation technology, which results in errors. This
paper intends to find an analytical method for determining the exact expected value of a function of a fuzzy variable.
In view of the characteristics of a fuzzy variable, it is easy to see that, for practical problems, the membership
function of a fuzzy variable, such as a triangular fuzzy variable or a trapezoidal fuzzy variable, is likely to be
continuous. So in this paper, the membership function of the fuzzy variable referred to is supposed to be continuous.
This paper is organized as follows. In Section 2, we recall some basic definitions and give several results which
will be used in this paper. In Section 3, we give a constructive expected value expression for a function of a fuzzy
variable and some related corollaries. At the end of this paper, we state a direction for further work.
2. Preliminary
LetΘ be a nonempty set, P(Θ) the power set ofΘ , and Pos a possibility measure. Then the triplet (Θ,P(Θ),Pos)
is called a possibility space. In this paper, the fuzzy variable is defined as follows.
Definition 1 ([4,7]). A fuzzy variable is defined as a function from a possibility space (Θ,P(Θ),Pos) to the set of
real numbers.
Let ξ be a fuzzy variable defined on the possibility space (Θ,P(Θ),Pos). Then its membership function µ is derived
from the possibility measure through
µ(x) = Pos {θ ∈ Θ | ξ(θ) = x} , x ∈ R. (1)
Definition 2 ([7]). Let ξ be a fuzzy variable with membership function µ. Then for any Borel set B of real numbers,
Pos{ξ ∈ B} = sup
x∈B
µ(x),
Nec{ξ ∈ B} = 1− sup
x∈Bc
µ(x),
Cr{ξ ∈ B} = 1
2
(Pos{ξ ∈ B} + Nec{ξ ∈ B}) .
Remark 1 ([7]). Let ξ be a fuzzy variable with membership function µ. Then for any given Borel set B of real
numbers,
Cr{ξ ∈ B} = 1
2
(
sup
x∈B
µ(x)+ 1− sup
x∈Bc
µ(x)
)
. (2)
Remark 2 ([7]). Let ξ be a fuzzy variable with membership function µ. Then the following equations follow
immediately from Definition 2:
Cr{ξ = x} = 1
2
(
µ(x)+ 1− sup
y 6=x
µ(y)
)
, ∀x ∈ R, (3)
Cr{ξ ≤ x} = 1
2
(
sup
y≤x
µ(y)+ 1− sup
y>x
µ(y)
)
, ∀x ∈ R, (4)
Cr{ξ ≥ x} = 1
2
(
sup
y≥x
µ(y)+ 1− sup
y<x
µ(y)
)
, ∀x ∈ R. (5)
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Remark 3. Let ξ be a fuzzy variable with a continuous membership function µ. Then the function Cr{ξ ≤ x} is
continuous with respect to x , and
Cr{ξ ≤ x} =

1
2
sup
y≤x
µ(y), x ≤ p
1− 1
2
sup
y>x
µ(y), x > p,
(6)
where p = inf{x |µ(x) = 1}.
Remark 4. Let ξ be a fuzzy variable with a continuous membership function µ. Then the function Cr{ξ ≥ x} is also
continuous with respect to x , and
Cr{ξ ≥ x} =

1− 1
2
sup
y≤x
µ(y), x ≤ p
1
2
sup
y>x
µ(y), x > p,
(7)
where p = inf {x |µ(x) = 1}.
Remark 5. Let ξ be a fuzzy variable with a continuous membership function µ. It can be stated that
Cr{ξ < x} = Cr{ξ ≤ x} and Cr{ξ > x} = Cr{ξ ≥ x} = 1− Cr{ξ ≤ x}. (8)
Definition 3 ([7]). Let ξ be a fuzzy variable on the possibility space (Θ,P(Θ),Pos). Then the expected value E[ξ ]
is defined as
E[ξ ] =
∫ +∞
0
Cr{ξ ≥ r}dr −
∫ 0
−∞
Cr{ξ ≤ r}dr (9)
provided that at least one of the two integrals is finite.
Definition 4 ([7]). Let ξ be a fuzzy variable on the possibility space (Θ,P(Θ),Pos), f: R → R a function. Then
the expected value E[ f (ξ)] is defined as
E [ f (ξ)] =
∫ +∞
0
Cr{ f (ξ) ≥ r}dr −
∫ 0
−∞
Cr{ f (ξ) ≤ r}dr (10)
provided that at least one of the two integrals is finite.
Lemma 1. Let ξ be a fuzzy variable and f: R→ R an increasing function. If the Lebesgue integral ∫ +∞0 Cr{ f (ξ) ≥
r}dr is finite, then
lim
x→+∞ xCr{ f (ξ) ≥ x} = 0. (11)
If the Lebesgue integral
∫ 0
−∞ Cr{ f (ξ) ≤ r}dr is finite, then
lim
x→−∞ xCr{ f (ξ) ≤ x} = 0. (12)
Proof. Note that the Lebesgue integral
∫ +∞
0 Cr{ f (ξ) ≥ r}dr is finite; for any given ε > 0, there exists a real number
x0, such that when x > x2 ≥ x0, thus
0 ≤
∫ x
x
2
Cr{ f (ξ) ≥ r}dr < ε
2
. (13)
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Since the function Cr{ f (ξ) ≥ r} is decreasing with respect to r , then∫ x
x
2
Cr{ f (ξ) ≥ r}dr ≥ x
2
Cr{ f (ξ) ≥ x} ≥ 0. (14)
It follows from (13) and (14) that
0 ≤ x
2
Cr{ f (ξ) ≥ x} < ε
2
, (15)
i.e.
0 ≤ xCr{ f (ξ) ≥ x} < ε.
Thus
lim
x→+∞ xCr{ f (ξ) ≥ x} = 0.
The result (12) can be proved similarly. 
3. Expected value of a function of a fuzzy variable
In this section, we discuss the expected value of the function of a fuzzy variable with the assumption that the fuzzy
variable has a continuous membership function. For convenience, we firstly discuss the case where the function is
increasing.
Theorem 1. Let ξ be a fuzzy variable with a continuous membership function, and f : R → R a strictly increasing
function with limx→+∞ f (x) = Q and limx→−∞ f (x) = P. If the Lebesgue integrals∫ +∞
0
Cr{ f (ξ) ≥ r}dr and
∫ 0
−∞
Cr{ f (ξ) ≤ r}dr
are finite, it can be stated that
E [ f (ξ)] =
∫ f −1(Q)
f −1(P)
f (r)dCr{ξ ≤ r}, (16)
where Q = supx∈R f (x) and P = infx∈R f (x).
Proof. Since f (x) is a strictly increasing function with limx→+∞ f (x) = Q and limx→−∞ f (x) = P , we can obtain
f −1(x), the inverse function of f (x), and
Cr{ f (ξ) ≥ x} ≡ 0, Cr{ f (ξ) ≤ x} ≡ 1, ∀x ≥ Q (17)
and
Cr{ f (ξ) ≤ x} ≡ 0, Cr{ f (ξ) ≥ x} ≡ 1, ∀x ≤ P. (18)
Hence∫ +∞
0
Cr{ f (ξ) ≥ r}dr =
∫ Q
0
Cr{ f (ξ) ≥ r}dr
=
∫ Q
0
Cr{ξ ≥ f −1(r)}dr.
Let τ = f −1(r). Then r = f (τ ) and∫ +∞
0
Cr{ f (ξ) ≥ r}dr =
∫ f −1(Q)
f −1(0)
Cr{ξ ≥ τ }d f (τ )
= Cr{ξ ≥ τ } f (τ ) | f −1(Q)
f −1(0) −
∫ f −1(Q)
f −1(0)
f (τ )dCr{ξ ≥ τ }
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= Cr{ξ ≥ τ } f (τ )| f −1(Q) − Cr{ξ ≥ f −1(0)} f ( f −1(0))−
∫ f −1(Q)
f −1(0)
f (τ )dCr{ξ ≥ τ }
= lim
τ→ f −1(Q)
Cr{ξ ≥ τ } f (τ )−
∫ f −1(Q)
f −1(0)
f (τ )dCr{ξ ≥ τ }. (19)
Since Cr{ f (ξ) ≥ Q} = 0, hence,
lim
τ→ f −1(Q)
Cr{ξ ≥ τ } f (τ ) = lim
τ→ f −1(Q)
Cr{ f (ξ) ≥ f (τ )} f (τ ) = lim
r→Q Cr{ f (ξ) ≥ r}r = 0,
where r = f (τ ).
It follows from (8) and (19) that
∫ +∞
0
Cr{ f (ξ) ≥ r}dr = −
∫ f −1(Q)
f −1(0)
f (τ )d(1− Cr{ξ ≤ τ })
=
∫ f −1(Q)
f −1(0)
f (τ )dCr{ξ ≤ τ }. (20)
Similarly, note that the Lebesgue integral
∫ 0
−∞ Cr{ f (ξ) ≤ r}dr is finite; it can be stated that∫ 0
−∞
Cr{ f (ξ) ≤ r}dr =
∫ 0
P
Cr{ f (ξ) ≤ r}dr
=
∫ 0
P
Cr{ξ ≤ f −1(r)}dr
=
∫ f −1(0)
f −1(P)
Cr{ξ ≤ τ }d f (τ )
= Cr{ξ ≤ τ } f (τ ) | f −1(0)
f −1(P)−
∫ f −1(0)
f −1(P)
f (τ )dCr{ξ ≤ τ }
= Cr{ξ ≤ f −1(0)} f ( f −1(0))− Cr{ξ ≤ τ } f (τ )| f −1(P) −
∫ f −1(0)
f −1(P)
f (τ )dCr{ξ ≤ τ }
= − lim
τ→ f −1(P)
Cr{ξ ≤ τ } f (τ )−
∫ f −1(0)
f −1(P)
f (τ )dCr{ξ ≤ τ }. (21)
Since Cr{ f (ξ) ≤ P} = 0, we can obtain
lim
τ→ f −1(P)
Cr{ξ ≤ τ } f (τ ) = lim
τ→ f −1(P)
Cr{ f (ξ) ≤ f (τ )} f (τ ) = lim
r→P Cr{ f (ξ) ≤ r}r = 0,
where r = f (τ ).
It follows from (21) that
∫ 0
−∞
Cr{ f (ξ) ≤ r}dr = −
∫ f −1(0)
f −1(P)
f (τ )dCr{ξ ≤ τ }. (22)
By (10), (20) and (22), the expected value of the function of the fuzzy variable ξ can be expressed as
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E [ f (ξ)] =
∫ f −1(Q)
f −1(0)
f (r)dCr{ξ ≤ r} +
∫ f −1(0)
f −1(P)
f (τ )dCr{ξ ≤ τ }
=
∫ f −1(Q)
f −1(P)
f (r)dCr{ξ ≤ r}.
The theorem is proved. 
Corollary 1. Theorem 1 holds when limx→+∞ f (x) = +∞ and limx→−∞ f (x) = −∞, i.e.
E [ f (ξ)] =
∫ +∞
−∞
f (r)dCr{ξ ≤ r}. (23)
Proof. Note that f (x) is strictly increasing with f (+∞) = +∞ and f (−∞) = −∞; by (19) and (21),
E [ f (ξ)] =
∫ +∞
0
Cr{ f (ξ) ≥ r}dr −
∫ 0
−∞
Cr{ f (ξ) ≤ r}dr
=
∫ +∞
0
Cr{ξ ≥ f −1(r)}dr −
∫ 0
−∞
Cr{ξ ≤ f −1(r)}dr
= Cr{ξ ≥ τ } f (τ )| f −1(+∞) −
∫ f −1(+∞)
f −1(0)
f (τ )dCr{ξ ≥ τ }
+Cr{ξ ≤ τ } f (τ )| f −1(−∞) +
∫ f −1(0)
f −1(−∞)
f (τ )dCr{ξ ≤ τ }
= Cr{ξ ≥ τ } f (τ )| f −1(+∞) + Cr{ξ ≤ τ } f (τ )| f −1(−∞) +
∫ f −1(+∞)
f −1(−∞)
f (τ )dCr{ξ ≤ τ }
= lim
r→+∞Cr{ f (ξ) ≥ r}r + limr→−∞Cr{ f (ξ) ≤ r}r +
∫ +∞
−∞
f (τ )dCr{ξ ≤ τ }, (24)
where r = f (τ ).
It follows from Lemma 1 that
lim
r→+∞Cr{ f (ξ) ≥ r}r = 0 and limr→−∞Cr{ f (ξ) ≤ r}r = 0.
Then
E [ f (ξ)] =
∫ +∞
−∞
f (τ )dCr{ξ ≤ τ }. 
Theorem 2. Let ξ be a fuzzy variable with a continuous membership function, and f : R→ R a strictly increasing
function. If the Lebesgue integrals∫ +∞
0
Cr{ f (ξ) ≥ r}dr and
∫ 0
−∞
Cr{ f (ξ) ≤ r}dr
are finite, then
E [ f (ξ)] =
∫ +∞
−∞
f (r)dCr{ξ ≤ r}. (25)
Proof. Since f is a strictly increasing function, then we have limx→+∞ f (x) = Q (if f has an upper bound, then Q is
finite; otherwise Q = +∞) and limx→−∞ f (x) = P (if f has a lower bound, then P is finite; otherwise P = −∞).
By Theorem 1 and Corollary 1, we know that
E [ f (ξ)] =
∫ f −1(Q)
f −1(P)
f (r)dCr{ξ ≤ r}. (26)
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Note that f (x) is strictly increasing; then
Cr{ξ ≤ r} = Cr{ f (ξ) ≤ f (r)}. (27)
If r ≥ f −1(Q), it is easy to see that f (r) ≥ Q; then by (17),
Cr{ξ ≤ r} = Cr{ f (ξ) ≤ f (r)} = 1, ∀r ≥ f −1(Q).
If r ≤ f −1(P), it is easy to see that f (r) ≤ P; then by (18),
Cr{ξ ≤ r} = Cr{ f (ξ) ≤ f (r)} = 0, ∀r ≤ f −1(P).
Hence∫ f −1(P)
−∞
f (r)dCr{ξ ≤ r} = 0 and
∫ +∞
f −1(Q)
f (r)dCr{ξ ≤ r} = 0. (28)
Finally,∫ f −1(Q)
f −1(P)
f (r)dCr{ξ ≤ r}
=
∫ f −1(Q)
f −1(P)
f (r)dCr{ξ ≤ r} +
∫ f −1(P)
−∞
f (r)dCr{ξ ≤ r} +
∫ +∞
f −1(Q)
f (r)dCr{ξ ≤ r}
=
∫ +∞
−∞
f (r)dCr{ξ ≤ r}. (29)
It follows from (26) and (29) that
E [ f (ξ)] =
∫ +∞
−∞
f (r)dCr{ξ ≤ r}.
The theorem is proved. 
Example 1. Let ξ be a fuzzy variable with a continuous membership function, and f (x) = x2k+1 (k = 0, 1, 2, . . .).
Then the expected value of f (ξ) can be given as
E[ξ2k+1] =
∫ +∞
−∞
x2k+1dCr{ξ ≤ x}.
Example 2. Let ξ be a fuzzy variable with a continuous membership function, and f (x) = ex . Then the expected
value of f (ξ) can be given as
E
[
eξ
] = ∫ +∞
−∞
exdCr{ξ ≤ x}.
Theorems 1 and 2 and Corollary 1 are based on the assumption that f (x) is strictly increasing; similar conclusions
can be drawn when f is strictly decreasing. We give two corollaries without proof as follows.
Corollary 2. Let ξ be a fuzzy variable with a continuous membership function, and f : R→ R a strictly decreasing
function with limx→+∞ f (x) = P(P > −∞) and limx→−∞ f (x) = Q(Q < +∞), while P < Q. If the Lebesgue
integrals∫ +∞
0
Cr{ f (ξ) ≥ r}dr and
∫ 0
−∞
Cr{ f (ξ) ≤ r}dr
are finite, then
E [ f (ξ)] =
∫ f −1(P)
f −1(Q)
f (r)dCr{ξ ≤ r}. (30)
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Corollary 3. Let ξ be a fuzzy variable with a continuous membership function, and f : R→ R a strictly decreasing
function. If the Lebesgue integrals∫ +∞
0
Cr{ f (ξ) ≥ r}dr and
∫ 0
−∞
Cr{ f (ξ) ≤ r}dr
are finite, then
E [ f (ξ)] =
∫ +∞
−∞
f (r)dCr{ξ ≤ r}. (31)
Combining Theorem 2 with Corollary 3, we obtain the following result.
Theorem 3. Let ξ be a fuzzy variable with a continuous membership function µ(x), and f : R → R a strictly
monotonic function. If the Lebesgue integrals∫ +∞
0
Cr{ f (r) ≥ r}dr and
∫ 0
−∞
Cr{ f (r) ≤ r}dr
are finite, then
E [ f (ξ)] =
∫ +∞
−∞
f (r)dCr{ξ ≤ r}. (32)
By Theorem 3, we get a function of the fuzzy variable’s expected value which has the same form as the function
of the random variable’s expected value. And by Theorem 3, we can get a series of results concerning the expected
value. For example, the following corollary can be obtained:
Corollary 4 (Liu [7]). Let ξ be a fuzzy variable with a continuous membership function. If the expected value of ξ
exists, then, for any numbers p and q,
E [pξ + q] = pE [ξ ]+ q. (33)
Corollary 4 has been proved by Liu and Liu [7], but by Theorem 3, it can be proved in an easy way.
Proof. When p = 0, we have f (x) = q , and this corollary holds. When p 6= 0, we have that f (x) = px + q is
strictly monotonic. By Theorem 3,
E [ f (ξ)] =
∫ +∞
−∞
(pr + q)dCr{ξ ≤ r}
=
∫ +∞
−∞
(pr + q)dCr{ξ ≤ r}
= p
∫ +∞
−∞
rdCr{ξ ≤ r} + q
∫ +∞
−∞
dCr{ξ ≤ r}
= pE [ξ ]+ q.
The corollary is proved. 
Similarly, the following corollary can be given:
Corollary 5. Let ξ be a fuzzy variable with a continuous membership function. If the expected value of f (ξ) exists,
then, for any numbers p and q,
E [p f (ξ)+ q] = pE [ f (ξ)]+ q. (34)
In the following, we give a result for when the fuzzy variable has a compact support.
F. Xue et al. / Computers and Mathematics with Applications 55 (2008) 1215–1224 1223
Theorem 4. Let ξ be a fuzzy variable, whose support is [a,b], and f : R → R a strictly monotonic function. If the
Lebesgue integrals∫ +∞
0
Cr{ f (ξ) ≥ r}dr and
∫ 0
−∞
Cr{ f (ξ) ≤ r}dr
are finite, then
E [ f (ξ)] =
∫ b
a
f (r)dCr{ξ ≤ r}. (35)
Proof. Since the support of ξ is [a, b], we have
Cr{ξ ≤ r} ≡ 0, r ≤ a,
Cr{ξ ≤ r} ≡ 1, r ≥ b.
By Theorem 3,
E [ f (ξ)] =
∫ +∞
−∞
f (r)dCr{ξ ≤ r}
=
∫ a
−∞
f (r)dCr{ξ ≤ r} +
∫ b
a
f (r)dCr{ξ ≤ r} +
∫ +∞
b
f (r)dCr{ξ ≤ r}
=
∫ b
a
f (r)dCr{ξ ≤ r}.
The theorem is proved. 
Remark 6. Generally, if f is a nondecreasing function and ξ is a continuous fuzzy variable with finite expected value,
then
E [ f (ξ)] =
∫ +∞
0
Cr{ f (ξ) ≥ r}dr −
∫ 0
−∞
Cr{ f (ξ) ≤ r}dr =
∫ +∞
−∞
f (r)dCr{ξ ≤ r}
provided that the three integrals are finite.
Proof. Let g(x) = x , h(x) = f (x) + g(x), ∀x ∈ R. It is clear that f and g are comonotonic functions. It follows
from Theorem 1 in [7] that
E[ f (ξ)+ g(ξ)] = E[ f (ξ)] + E[g(ξ)] = E[ f (ξ)] + E[ξ ].
Since h is a strictly increasing function, it follows from Corollary 1 that
E[h(ξ)] =
∫ +∞
−∞
h(r)dCr{ξ ≤ r},
i.e.
E[ f (ξ)+ ξ ] =
∫ +∞
−∞
( f (r)+ r)dCr{ξ ≤ r},
which implies that
E[ f (ξ)] + E[ξ ] =
∫ +∞
−∞
f (r)dCr{ξ ≤ r} +
∫ +∞
−∞
rdCr{ξ ≤ r}.
Thus,
E[ f (ξ)] =
∫ +∞
−∞
f (r)dCr{ξ ≤ r}. 
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Example 3. Let ξ be a trapezoidal fuzzy variable (0, 1, 3, 5). Then
Cr{ξ ≤ x} =

0, x ≤ 0
x
2
, 0 < x ≤ 1
1
2
, 1 < x ≤ 3
x − 1
4
, 3 < x ≤ 5
1, x > 5.
Furthermore, let f (x) = x + sin x . It is easy to see that f (x) is strictly increasing; then
E [ f (ξ)] =
∫ 5
0
(r + sin r) dCr{ξ ≤ r}
=
∫ 1
0
(r + sin r) d
(r
2
)
+
∫ 5
3
(r + sin r) d
(
r − 1
4
)
= 11− 2 cos 1+ cos 3− cos 5
4
.
4. Conclusion
In this paper, the formulation of the expected value for a function of a fuzzy variable has been explored. We would
like to emphasize that the result obtained is quite similar to the expected value for the function of a random variable.
However, the results were based on the assumption that the fuzzy variable has a continuous membership function. In
future research, we will discuss the case where the membership function of the fuzzy variable is discontinuous; we
expect to get similar results.
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